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In this thesis, entanglement under fully relativistic settings are discussed. The thesis starts with 

a brief review of the relativistic quantum mechanics. In order to describe the effects of Lorentz 

transformations on the entangled states, quantum mechanics and special relativity are merged by 

^^ construction of the unitary irreducible representations of Poincare group on the infinite dimensional 

<^) Hilbert space of state vectors. In this framework, the issue of finding the unitary irreducible repre- 

(N 

sentations of Poincare group is reduced to that of the little group. Wigner rotation for the massive 
OJO 

^ particles plays a crucial role due to its effect on the spin polarization directions. Furthermore, the 



< 



physical requirements for constructing the correct relativistic spin operator is also studied. Then, 

the entanglement and Bell type inequalities are reviewed. Special attention has been devoted to two 

,——1 historical papers, by EPR in 1935 and by J.S. Bell in 1964. The main part of the thesis is based on 

f-») the Lorentz transformation of the Bell states and the Bell inequalities on these transformed states. It 

■y is shown that entanglement is a Lorentz invariant quantity. That is, no inertial observer can see the 

B 

C^ entangled state as a separable one. However, it was shown that the Bell inequality may be satisfied 

Q^ for the Wigner angle dependent transformed entangled states. Since the Wigner rotation changes the 

spin polarization direction with the increased velocity, initial dichotomous operators can satisfy the 

(N 

J> Bell inequality for those states. By choosing the dichotomous operators taking into consideration 

._!. the Wigner angle, it is always possible to show that Bell type inequahties can be violated for the 
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transformed entangled states. 
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I. INTRODUCTION 

Entanglement is one of the most amazing phenomena of the quantum mechanics. It is probably the 
most studied topic recently due to the fact that it is somehow related to a wide range of research areas from 
quantum information processing to thermodynamics of the black holes. 

It were Einstein, Podolsky and Rosen (EPR) and Schrodinger who first recognized a "spooky" feature 
of quantum mechanics HI, O. This feature implies the existence of global states of composite systems 
which cannot be written as a product of the states of the individual subsystems [3|. This feature shows 
that quantum mechanics has a non local character. In this respect, this property seems to contradict the 
postulates of special relativity. 

The main aim of EPR was actually to discuss the "completeness" of quantum mechanics. The underlying 
assumption of the paper was the locality condition; with this assumption the quantum mechanics seemed 
to be an incomplete theory. However, J. S. Bell showed that this non local property lies at the heart of the 
quantum mechanics ^j. 

Due to the contradiction one faces with the postulates of special relativity in discussing the issue of 
locality, to settle those issues one needs to address the same problem in different inertial frames which 
move with relativistic speeds. One of the first articles that discusses the entanglement in different inertial 
frames was that of P. M. Alsing and G. J. Milburn f5l. After this paper, there were numerous studies 
discussing the Lorentz covariance of the entanglement and Bell type inequalities 0, iH, HI, 191, lITOl . 

In this thesis, we study the properties of entangled states and Bell inequalities under Lorentz transforma- 
tions. For this purpose we first introduced the theoretical background for the relativistic quantum mechanics. 
This part briefly summarizes the quantum mechanics and mainly concentrates on the Poincare group and 
its unitary irreducible representations. Constructing the representation of the Poincare group in the Hilbert 
space of the one particle states reduces to that of the little group. It is shown that Wigner rotation plays a 
crucial role for the entangled states. Moreover in this part, we have discussed the physical requirements of 
the spin operator in detail due to the fact that there are some ambiguities on what the correct relativistic spin 
operator is. Then, in the third chapter, we have devoted special attention on the two historical papers |1| and 
lUl for defining entanglement, and then we have given more formal definitions of entanglement and written 
the Bell type inequalities in a more elegant way. The next chapter forms the main part of the thesis in which 
we have investigated the Lorentz transformation of entangled states and discussed the CHS H inequality for 
the transformed states. Finally, the last chapter is devoted to conclusions. 



II. RELATIVISTIC QUANTUM MECHANICS 

Any physical theory which claims to describe the nature fully at all scales and speeds must obey the 
rules of both quantum mechanics and the special theory of relativity. This fundamental unification can be 
attained via fields or point particles. Although the main stream starts from the field concept, both ways end 
up with probably the most "beautiful" theory of physics, that is quantum field theory. Due to the our specific 
problem, we have preferred the second way by following Weinberg's well known book ifTTTl . Therefore, we 
have to start with quantum mechanics and Poincare algebra which includes all the aspects of the special 
relativity. 

A. Quantum Mechanics 
Quantum mechanics can be briefly summarized as follows in the generalized version of Dirac; 

1 . Physical states are represented by rays in a kind of complex vector space, called Hilbert space such 
that if \a) and 1/3) are state vectors, then so is a\a) + b\/3) for arbitrary complex numbers a and b. If 
we define \(f>) - Y,n'^n\o!n} and \i^} = Y^nbn\Pn), then one can introduce the inner product complex 
number in this space such that 

{(p\tp) = ^ a*,bm{an\/3m) (1) 

n,in 

{(p\(p) > and vanishes if and only if \(f>} = 0. 

A ray is a set of normalized vectors {ifr\t^} = 1, with \ip} and \ifr'} belonging to the same ray if 
li/f') = ^|(A), where ^ is an arbitrary complex number with |^| = 1. As a result, \ifr) and lif/') represent 
the same physical state. 

2. Observables are represented by Hermitian operators which are mappings \ip) -^ A|i/^> of Hilbert space 
into itself, linear in the sense that 

aUo) + b\/i)] = aA\a) + bA\l3), (2) 

and satisfying the reality condition 

(<a|)(AtS>) - (<a|At)(lS>). (3) 



If the state vectors \t//} are eigenvectors of an operator A, then state has a definite value for this 
observable 

A\ll/n) - an\ll/n)- (4) 

For the Hermitian operator A, Un are real and {if/„\if/m) - ^nm- 

3. Measurements are described by a collection of measurement operators {Mm} where m refers to out- 
comes measurement that may occur in the experiment and satisfying the completeness relation such 
that 



J]MiM,„-I. (5) 



Just before the measurement, if the state is li/'), then probability of getting the result m just after the 
measurement is 

p{m) = {il^miMmm (6) 



where Y,m Pi^) - 1 rnust hold, and initial state collapses to 

MJi//) 



(7) 



yjpim) 

Special case of the measurements defined here is the projective measurement. Any observable can 
be written in the spectral decomposition form 



A — / ^ (i-mt^mt (o) 



where a^ are the eigenvalues and P^ = \am){o!m\ are the corresponding projectors and \am) is the 
eigenstate of the observable A such that A|a,„> = amlcum)- 

For the projective measurement, the result of the measurement is one of the eigenvalues of the ob- 
servable A with the probability 

p{am) = \{a^m\ (9) 

and the collapsed state after the measurement is the corresponding eigenvector. 

4. Total Hilbert space of multi partite system consisting of n subsystems is a tensor product of the 
subsystem spaces 

n 

9< = (^n. (10) 

1=1 



In addition to these postulates, it must be defined that if a physical system is represented by state vector |(/f) 
and \tfry in different but equivalent frames, then transformation between these two frames must be performed 
by either a unitary and linear or anti-unitary and anti-linear transformations due to the conservation of 
probability, which is proven by Wigner |[T2l : 

|«A>'^I«A> then |«A>'-W> (11) 

B. Poincare Algebra 

According to Einstein's principle of relativity if xi^ and x'^ are two sets of coordinates in inertial frames 
S and 5", then they are related as x''^ = A^yx" -i- a^. The physical requirement relating these two sets are the 
invariance of the infinitesimal intervals: 

rj^ydx'^dx'^ - rj^ydx^dx^ (12) 

where the metric r] is of signature (-, +, +, +). This invariance of the interval imposes the following con- 
straints on the transformation coordinates 

T]^,yAfa^^li = VafI- (13) 

This transformation is called Poincare transformation or inhomogeneous Lorentz transformation. When 
a^ = 0, then this transformation reduces to homogeneous Lorentz transformation. It can be easily shown 
that these transformations form a group, as briefly summarized below: 

• Closure: 

let x' = Aix -I- ai and x" = A2X' -1- 02, then 

x" = A2(Aix -I- ai) + a2 

= A2A1X -I- A2ai + a2 - A3X -I- as. 



As aresult (A2,a2)(Ai,ai) - (A2A1, A2ai + 02)- 
Identity: 

/-(/,0) 



• Inverse: 

(A2,a2)(Ai,ai) = (A2A1, A2ai + a2) = (1,0) 

^ A2 = A^^ and a2 - -hiai - -K[^a\ 

As a result inverse of (A, a) is (A~' , -hT^a). 

• Associativity: 

(A2,a2)[(Ai,ai)(A,a)] = [(A2,a2)(Ai,ai)](A,a) 

Furthermore, this group can be restricted further by the choice of sign of both the determinant and the 



"00" component of A as follows: Take the determinant of both sides of ( 13 ), and get 



{DetKf = 1, 



which leads to DetA = 1 or DetA = -1. Next, considering the "00" component of ( 13 1, 



(A%f - (A°0^ = 1 

which means that (A^o)^ > 1- The possible solutions are (A*^o) > 1 or (A*^o) < -1- 

The Lorentz group that satisfies the DetA = 1 and (A'^q) > 1 is called proper orthochronous Lorentz 
group and any Lorentz transformation that can be obtained from identity must belong to this group. Thus 
the study of the entire Lorentz group reduces to the study of its proper orthochronous subgroup. Hereafter, 
we will deal only with inhomogeneous or homogenous proper orthochronous Lorentz group. 
The infinitesimal transformation for the inhomogeneous Lorentz group now can be written as 



Then, one gets from ( 13 1 



rivfi = i]fiy + ^tiv + ^v/j + 0(u?-) 



which impUes that co^y = -cOy/, note that w^y = i^^pufy. 
This transformation can be represented by U{A, a) 

U{A,a)x^'U~\A,a) - Af'yx" + a''. 

For an infinitesimal transformation U{A, a) can be parameterized as 



^(1 + W, 6) - 1 + -6J/,yM^^ - i€f,Pf + ■■■ (14) 
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Here, M^^ and P'^ are the generators of the homogeneous Lorentz transformations and translations, respec- 
tively. Since oj^^y is antisymmetric, M''^ can be taken antisymmetric also. One can easily show that U{A, a) 
also forms a group. Then, it follows 

U{A,a)U{\ + co,e)U~\A,a) - U{A{\ + co)A-\Ae - AcoA'^a) 
U{A, a)(l + ^ojf.yMi''' - ie^P''] U'^A, a) - 1 + ^{AojA-^)f,yM'''' - i{Ae - AwA"'a)^P''. 

We can now read off the transformation rules of the generators of the Poincare group, from this equation: 

U{A, a)Mf"^U'\A, a) = A/A/CM'^" - a^P^ + aV^), 
UiA,a)PPU-\A,a) = A/P''. (15) 



For the infinitesimal transformations as A^y = Oy + oJy, and using ( 14 1 we get 



i[P'', M^'"] = rfPp^ - rfpP, (16) 

{P>',PP^ =0. 

This is the Lie algebra of the Poincare group. 

If we define H - P" as the Hamiltonian, P' as three-momentum, K' - M'^ as boost three-vector, and 
J' = e'^'^Mjk as the total angular momentum three- vector, then the Lie algebra of the group becomes, 

[Ji, Pj] = ieijkPk, 

Ui, Jj] - i^ijkJk, 

[Ji, Kj] ^ ietjkKk, 

[PuPj] = [Ji,m = [Pum=0, 

[Kj, Kj\ - -ie/jkJk, 

[Ki,Pj] = -i5ijH, 

[Ki,m = -iPi. 

As one can see from the commutator of [7,, Jj\ - ietjkJk, transformation generated by Jj forms also a group 
which is the three dimensional rotation group S 0(3), and it is the subgroup of the Poincare group. However 
the boost generators do not form a group and this is the reason of the famous Thomas precession. 

Poincare group is a connected Lie group, which means that each element of the group is connected to 
the identity by a path within the group, but is not compact since the velocity can not take the c value after 
boost transformations. 



A well known theorem states that any non-compact Lie group has no finite dimensional unitary repre- 
sentation. It has unitary representations in the infinite dimensional space. 

As a result representations of the Poincare group on the state vectors in the infinite dimensional Hilbert 
space is unitary: 

W)' = U(.A,a)W) (17) 



and in order L'^(l -i- a», e) given in ( 14) to be unitary, all the generators M^^^ and P^ must be Hermitian. 



1. Casimir Operators 

A Casimir operator is an operator which commutes with any element of the corresponding Lie algebra. 
Furthermore, if one finds all the independent Casimir operators for an algebra, then the representation 
of this algebra in the space of eigenvectors of these Casimir operators will be irreducible. In other words, 
classification of the irreducible representations of a Lie group reduces to finding of a complete set of Casimir 
operators and calculating the eigenvalues of these operators. 

In ||T3]| . it is shown that Poincare group has two independent Casimir operators which are 

ci=P^ = P^P^,, (18) 

C2 = W^ = WWa (19) 



1 

2 
following algebra. 



where W^ = -e^^^P^'MypPa- is the Pauli-Lubanski vector. It is orthogonal to P/^, P^Wfj = and satisfies the 



[W'',P''] = 0, (20) 

[W, M"^] = iirf^W" - rfwA (21) 

[W^', W] = ie^^^/^WaP/} (22) 

where M^'' and P^ are the generators of the Poincare group. 
Components of the Pauli-Lubanski vector are 

W« = ^e'^'J'MijPk 

= J • P (23) 
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and 

- -yj'MjtPo + y^'jMotPj + y^'^MkoPj 

= -yPo + ^'''MokPj (24) 

= 7'// - e'J'^PjKk 

where we used the relation [Kj, Pj] = -idijH. 

In this thesis we concentrate on the entanglement in the massive particles. For a massive particle, one 
can go to the rest frame where P/^ = (m, 0); then, in that frame 

W'^ = (25) 

W'jf^mS' (26) 

where we defined the spin S ' as the value of total angular momentum J' in the rest frame. Thus we get, 

ci=P^ = -m^ (27) 

C2 = W^ = m^S^. (28) 

From C2 one can obtain two very important results. First, S^ is Lorentz invariant which means that spin- 
statistics is frame independent, and second, relativistic spin operator is related to the Pauli-Lubanski vector. 
As a result, for the massive case mass and spin are two fundamental invariants of the Poincare group 
that do not change in all equivalent inertial frames. 

C. Relativistic Spin and Position Operators 

Before defining the spin and position operators, the physical requirements about these operators can be 
given as, 

1. First of all, the square of the three-spin operator must be Lorentz invariant, i.e, one can not change 
the spin-statistics by applying Poincare transformation. 

2. Due to the similar structure to the total angular momentum, S must be a pseudovector just like J. 
In other words S must not change sign under Parity transformations, and should satisfy the usual 
commutation relations, as any three vector 

[Ji,Sj]^ieijkSk. (29) 



11 

3. Components of spin operator must satisfy the SU(2) algebra, i.e, 

[S i, S j] = ieijkS k (30) 

4. Spin can be measured simultaneously with momentum and position operator 

[S,P] = [S,Q] = (31) 

5. Components of position operator must satisfy the canonical commutation relations 

[Qi,Pj]-iSij (32) 

6. Position operator must be a true vector, i.e, it must change sign under parity transformation and 

[Ji, Qj] = ieijkQk. (33) 



From (26 1, we have identified the spin operator as 



W 
S' = — ^. (34) 

m 

Then, we have to define above expression in terms of an arbitrary frame. Procedure is the following, first 
consider 

if = L'',{p)r (35) 

where k^ is the four momentum of particle in its rest frame and L some Lorentz transformation connecting 
this frame to lab frame in which the particle is moving with momentum p. This transformation has the 
components ifTTTl 

L%ip) = -^7, (36) 

m 

L'o{p) = ^^p'J^\, (37) 



m 



PiPj _ 
m{m + p^) 



L'jip) = 6ij + :±f^^ ^ Sij + (r - \)piPj, (38) 



where pi = — , and the components of the inverse transformation are 

IpI 



L-\pfo - -, (39) 

m 

L-'ipYo - --, (40) 

m 

L-\pyj = 6ij+ /'^\, . (41) 

■' m{m + p") 
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where we have used the fact that L ^{pYy = L{p)/ and L{pY^ = L(py^. Making use of these, W'j^ can be 
re-written in terms of the components of W^ in the lab frame 

W'^ = L-\py^,W^ = W' - ^^, (42) 



where W^Pf^ = has been used. Therefore spin operator originally defined in (34i, becomes 

g ^ W WqP 

m m{m + H) 

In terms of the generators of the Poincare group, this expression can be re- written as 



(43) 



S-^J P^^ P(P J) (44) 

m m {H + m)m 

Then, defining position operator as 

S - J - Q X P (45) 

we obtain 

Q.-„.K-^- ■'X'^ . (46) 

^ 2//2 mH{m + H) ^ ' 

= _l(//-iK + K//-i)- P""^ 



T ' Him + Uy 

which is the Newton-Wigner position operator. It was shown in lHH and ifTSll that the spin and the position 
operators defined above satisfy all the physical requirements. In reference |fT4ll, it is also shown that these 
operators are unique. 

D. Particle States and Unitary Irreducible Representations of the Poincare Group 

A state vector of a free particle must transform according to an irreducible unitary representation of the 
Poincare group. Then one can determine completely the behavior of the free particle in the four dimensional 
Minkowski space-time. In Poincare group, every irreducible representation corresponds to an elementary 
particle. As a result particles are classified in terms of their irreducible representation of Poincare group 
which may unified with the discrete symmetries such as C,P,T as in the case of the Dirac particle. 

1. One Particle State 

Before defining the one particle state in the momentum basis, we will first define it in the particle's rest 
frame as 

P|0,cr>-0|0,cr> (47) 

5^|0,cr>-(r|0,cr>. (48) 
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Then one particle state for a free massive particle can be represented as an eigenstate of the complete set of 
compatible operators, m^, S^, S ^,V,H 

\m,s,(T,i^,p^)^\p,(T) (49) 

which is obtained from |0, cr) by boosting it. The eigenvalues of these operator are defined as 

m \p, cr) - m \p, cr), (50) 

S'\p,cr)^s{s+\)\p,cr), (51) 

S^\p,cr)^cr\p,cr), (52) 

V\p,cr)^ip\p,cr), (53) 

H\p,cr) = co^\p,cr) (54) 

where a>p = ^nP- + p^ and the normalization of the one particle state is defined as 

{p',cr'\p,cr) = d^^,5{i^'-ip). (55) 

Note that for calculating ( 52 1, we have used 

[S i, Kj] = ^—- feyP • S - PiS y) , (56) 



and (47 1 



As one can see from ( [48] ) and ( [52] ), eigenvalues of the spin operator is not affected from the boost operator 
as expected from physical requirements. Therefore correct relativistic spin operator can also be represented 
by Pauli matrices and this is the crucial difference from [7]. 

Before proceeding further, we would like to first introduce ladder operators for the spin-^ for future use. 
Since we know the algebra of the spin operators and the eigenstates of S^ and 5^, one can define the ladder 
operator in the usual manner: 

S^=S,±iSy (57) 

and 

S±\p,cr) = yjs{s+ l)-cr{cr± l)|;?,cr±l). (58) 

As a result one can define eigenstates of the S x and Sy as 

Iac..^4>^-^(|a^>±Ia4>), (59) 

\p,^y = ±\} = ^^(\p,\)±i\p~)). (60) 
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Since the resolution of identity can be given as, 

/= f d'pYj^p,cr){p,cT\ 

then, the spectral decomposition of 5 , in the basis of 5^ can be found as 

S.. = \ld^p,\)(p,\l-lp,-\)(p,-\ 

d'p{\p,\){p,-\\ + \p,-\){p,\ 



u 



Sy =\Jd'p l-i\p, ^-)(P, -^1 + i\p, -^)(P, 



This leads to 



and using (30 1, one can obtain also 



{Si,Sj] = 



S iS j = — + ieijkSk- 



Therefore if we redefine the spin operator as 5 , = -o",, we obtain 

o-jO-j ^ 6ij + ieijkCTk. 



(61) 

(62) 
(63) 
(64) 

(65) 

(66) 

(67) 



2. Unitary Irreducible Representations of the Poincare Group 



Let x''^ = A'^yX^ + a^ then, in general the transformation is represented by the unitary operator as 

U{A,a) = U{I,a)U{A,0) 
on the Hilbert space. Under translation U(I, a), the state vector transforms as 

U{I,a)\p,o-) = e-''''"''\p,o-). 



(68) 



However, the homogeneous Lorentz transformation which is U(A,0) = U(A), produces an eigenvector of 
the four momentum with eigenvalue Ap as follows, 

P''U{A)\p,o-) = U{A)U-\A)P''U{A)\p,cr) 



A-l/PP 



A~^/U{A)PP\p,cr) 



.-I ^'j 



= A-';U{A)pP\p,cT} 
= A%pPU{A)\p,(T) 
= {ApfU{A)\p,(T). 



15 
This means that U(A)\p, cr) must be Unear combination of \Kp, cr), 

U{K)\p, (t) = Y, Ca'aiK p)\Ap, cr'). (69) 

O"' 

Consider p^ = L'^y{p)k'^ where k^ is four momentum of particle in its rest frame and L some Lorentz 
transformation connecting this frame an arbitrary one in which the particle is moving with momentum p. 
Thus, it will depend on p. Transformation of the state is then, 

\p,cT) = N{p)U{L{p))\k,(T) (70) 



where N{p) is the normalization factor which must satisfy (55 1. The procedure for finding N{p) is the 
following. First, it can be required that 

{k',o-'\k,o-) = 6^'a-6(k' -k). 



Then, normalization of ( [70| ) is 

(p',(t'\p,ct) - \N{pf6^'^6{k' - k). 
It must also satisfy ( [55| ). Therefore 

mpfso^' - k) = 6{p' - p) 

To be able to find the \N{p)\^, it is necessary to define the relation between S{k' - k) and d{p' - p). For 
this purpose, the Lorentz invariant integral for an arbitrary function f{p) with the conditions p^ = m^ and 
p" > can be defined as 

jd'p6{p^-m^)0{p^)f{p) (71) 

where 9(p^) is the step function. Then, the equation can be simplified as 

Jd^pSip^ - m')e{p'')f{p) = J d'pdp''S{{p''f - p2 - m^)9ip'')f{p'\p) 



= d'pdp" F^ d{p)f{p ,P) 



2Vp 



^ + m^ 



r3^/(Vp^T^,p) 



In other words, 

73 

+ m 



! 



d^p 

/(p)^=^ (72) 

yp^ 4- iT./ 
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is a Lorentz invariant integral. From this result, one can also find the Lorentz invariant delta function as 

r J^p7(p')<5(p' - P) = f/Cp') ( 7p'' + m^Sip' - p)) /y . 
J J \ / Yp'-^ + m^ 

In this equation, -^p'^ + tn^Sip' - p) must be Lorentz invariant. Thus 

p^6{p' -p) = k^d(k' - k) (73) 

must hold. As a result, we can define 

Nip) = J'^. (74) 



Then, (75 1 becomes 



\p,cT)= ^-UiLip))\k,cr). (75) 



If we apply the Lorentz transformation to the state \p, cr) expended in terms of |^, cr) as in (75 1, we get 



U{K)\p,(T)= J-UiA)U(Lip))\k,cr) 

= J'^UiAL(pm,cr) 
\ P 

= J^UiLiAp))UiL-\Ap))UiALip))\k,cr) 
\ P 

= J-.UiLiAp))UiL-\Ap)AL(p))\k,cr). 

where we have inserted the identity, U{L{Ap))U{L~^{Ap)) = / in the third line. We next define W = 
L~^{Ap)AL{p). One can obviously see that W does not change k, i.e, W^yk^ = k^^. This is called the little 
group |[T6i . As a result the state transformation under W is 

U{W)\k, (t) = Y, Da'AW)\K (t') (76) 



where D{W) is the little group representation of U{W) on the state. Using (76 1 in U{A)\p, cr) we get 



U{A)\p, cr}= J^ U(L(Ap)) U(W)\k, a) 

yp" 

\yD^'a{W)U(.L{Ap))\k,(r') 

P^ ^ ^ ^^ ' 

\Ap,a') 



^jk^liApf 

' " cr' 
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Thus, to transform the state one should find the Uttle group representations for the Lorentz group. This 
means that finding the Ca-'a- is now reduced to finding the Da-'a-- This method is called method of induced 
representations. 

3. Massive and Massless Particles 

In this thesis, we are only interested in massive particles. Unitary representation of the Lorentz group 
is determined by the little group of the massive particle. Since the W leaves invariant the k^^, only three 
dimensional rotations can leave the k^^ invariant for the massive particles. As a result Dq-'o- is the unitary 
representation of the S0(3). For the spin-^ particles it is given as: 






D'-^''^{W) - 1 cos ^ + i{o- ■ h) sin ^ 



(78) 



where 9-w is the Wigner angle. 



TABLE I. Various classes of four momentum and the corresponding little groups. 





Standard k^" 


Little Group 


a) p^ -mr- > 0, ;?" > 


(m, 0,0,0) 


50(3) 


b)/?2 ^^2 >o,/<0 


(-m, 0,0,0) 


50(3) 


c) p^ = 0, // > 


{k, 0, 0, k) 


750(2) 


d)p2^0,/<0 


{-k,Q,Q,k) 


750(2) 


e) p2 = _;^2 < 


iQ,0,Q,K) 


50(3) 


f);y=0 


(0,0,0,0) 


50(3,1) 



However for the massless case, the group that leaves the k^^ invariant is the IS0(2). This is the group of 
Euclidean geometry, which includes rotations and translations in two dimensions. For this case, the little 
group representation reduces to 



£>^v(W) = e'^'^^(5^v. 



(79) 



In the table (jT]), only a), c), and f) have physical meanings, and pi^ = case describes the vacuum. 
Further information about the structure of the Poincare group can be found in ifTTl . 

4. Multi-particle Transformation Rule 



First, multi-particle state can be defined as 

\p\,crup2,o-2,---). 
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Therefore, one can transform the multi-particle state similar to one-particle state such that 



[/(A)|pi,cri;p2,o"2;---> = 



^o„o 



Plpi--- 



2] D^;^,D^^^,---|Api,(r'i;Ap2,^2;--->- (§0) 



We now define the states with the help of creation operators as, 

\p,cr) = a\p,(rm 



(81) 



where |0> is the Lorentz invariant vacuum state. Then ( 80 1 can be written in terms of creation operators as 

UiA)a\pucri)a\p2,(r2)---\0) 

(82) 



o^A„,^o. 



UApinAp2) 



p\p\- 



— Y, D^^^^D^^^^---a\Api,cT[)a\Ap2,a'2)---\0}. 



Then from ( 82 ) one gets 



UiA)a\p, cr)U-\A) = J^^ ^ ^^'^ ^^^^' P^^ ""^^^P' "^'^^ 



For the massive particle it is equivalent to 



U{A)a\p, o-)U-\A) = J^^ 2] D^v (W{A, p)) a\Ap, a'). 



(83) 



(84) 



5. Wigner Rotation 



We have seen that the commutator of two boost generators are 



(85) 



This means that two boosts in different directions are not equivalent to a single boost. 

BfiB^ = Rfixm(Sw)B (86) 

where B is some boost. RhxmiSw) is the so called "Wigner Rotation", and 6w is the "Wigner angle". By 



using B' = RBR , ( 86 1 can be re- written as 



BfiBm = Rhxm{dw)BRf.y.^(6w)Rhxm(dw) = B'RfjxmiOw)- 



(87) 



There is an easy way of calculating Winger angle. For example consider two boosts in the x-direction 
and j-directions respectively: 



Br 



Jx -JxPx 

-JxPx Jx 

10 

1 



, Bv 



jy -rvAv 
0100 

-JyPy Jy 
1 



(88) 
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So one can verify that B^B^ is not equal to anotiier boost, since the boost matrix must be a symmetric matrix. 
Indeed from (ISHb, we have 



B^Bif — R fB 



(89) 



one can compute B from here as 



B — R-B^B^ 



10 

COS 6w - sin 9w 

sin 9w cos 6w 

1 



yy -y,fiy 

10 

-yy^y yy 

1 



y.v -r.r/3.r 

-7xPx r.v 

10 

1 



7y7x -7y7x/Sx -TvA- 

-7xfix COS 9w + yyyxfiy sin 9w r.v cos 9w - 7y7xI3yl3x sin 9w -yy sin 9w 

-7xPx sin 9y/ - 7yyxPy cos 9y/ 7x sin 0v^' + 7y7xPyPx cos ^ly yy cos ^vt? 

1 



From symmetry properties of the boost matrix, we have -yy sin 9yf = y^ sin 9^f^ + yyyxPyPx cos 9yf, then one 
gets the Wigner angle as 



(90) 



tan 9w = 



-7y7xI3yl3x 
7y + 7x 



(91) 



is the Wigner angle. 



6. Lorentz Transformation of a One Particle State 



To illustrate the transformation of one particle state consider a spin-^ particle moving in the z-direction 
relative to the Lab frame S , and define another frame S' , which is boosted in in the jc-direction relative to 
the 5 -frame as shown in the figure (m). We have to first define the Wigner rotation as IV = L^^{Ap)AL{p). 



Here, using (36l-(38l, L(p)2 is 



L(p)z = 



7 











Vr'-i 


1 











1 











y , 



(92) 
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5' 



->-x 



FIG. 1 . Lab frame S , and the boosted frame S ' 



where y is the rapidity and the A^ is 



Ar- 



cosh a sinha 

sinhof cosho' 

10 

1 



where cosh a = y' and sinha = -j'P' ■ 

Then the Wigner rotation can be obtained as, 



L{Kp) = A,L(pW:}(ew) = 



cosho- sinho- 



sinha cosh a 
10 

1 



y Vr^ - 1' 

10 

1 

IVr'-i y ] 



10 

cos^iv sin% 

10 

P -sin% cos^vi'. 



(93) 



(94) 



y cosh a sinh a cos Q^ + yy^-\ sin Ow cosh a - sinh a sin Oyv + Vt^ ~ 1 '^^^ ^w cosh a 

y sinh a ^Jy^ - 1 sinh a sin ^(^ + cos 9w cosh a - cosh a sin 9w + Vt^ ~ 1 '^os ^w sinh a 

10 

y sin % y cos 6w 



V^ 



From symmetry of the boost matrix, we have 

y sin 6w - - cosh a sin ^iv + Jy^ - 1 cos ^jy sinh 



a. 
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Thus we can determine the Wigner angle as, 



tan 6w - 



sinh a ^J■y^ - 1 -y'yP'P 



y + cosh a y' + y 



Finally, spin- ^ representation of W{9w) is 



D'-'^^(%) - 1 cos -^ + /(cr • h) sin -j- 

= 1 cos KcTv) sin — 

2 ^ 2 



J/2 



D''^ , D 



1/2 



D 



1/2 



D 



1/2 



Siv 



ew 



cos -Y - sin 2 



Bw 



dw 



sm -f cos -j^ 



where n is the direction of the rotation which is ^ x ^, in our case it is x x z = -y. 

One can find the spin-up state in the S '-frame. Firstly, spin-up state can be constructed as 



-J 



1 



T> = a\p, -)|0>. 



(95) 



(96) 
(97) 

(98) 



(99) 



We have previously found the transformation rule for the massive particle as 

^(A)| T> = U{K)a\p, ^-)U-\K)U{Km = U{K)a\p, ^)^-kA)|0> 



Thus 



' " cr' 



U{h)\p,-) 



\{Kpf 



.1/2 



1 



1/2 



1 



D'^tiQw)a\Ap, -) + D"t, {9w)a\Ap, --) |0> 



\{Kpf I 9w.. 1, . Ow.. 1, 
f — — cos —\Ap, -) + sm —\Kp, --> 



(Ad) ' ' 

where — — =y' ,6-w = arctan( ~^,^^^ ), and 



Ap = m (-y'yfi'l + (iyk) . 



(100) 



(101) 



(102) 



III. ENTANGLEMENT 



Entanglement is the most distinctive feature of quantum mechanics that certainly differentiates it from 
classical mechanics. Actually this amazing phenomenon is a manifestation of the non local character of the 
quantum theory. It was first introduced by A. Einstein, B. Podolsky, and N. Rosen as a thought experiment 
in 1935 m to argue that quantum mechanics is not a complete physical theory. In time due to the works 
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triggered by EPR, this issue grew into a new field of research activity. One of the milestones in this direction 
is the work of J.S. Bell who has shown that a local theory can not describe all the aspects of quantum 
mechanics ||4||. In this respect, entanglement must be discussed in the context of the question raised by EPR 
and the solution proposed by J.S. Bell. 

A. Can Quantum Mechanical Description of Physical ReaUty Be Considered Complete? 

Let's briefly review this one of the most cited articles of human history. This article starts with the 
discussion and definition of "complete theory" and "condition of reality". They define a complete theory 
as any physical theory must include all the elements of physical reality, on the other hand the condition of 
reality is described as predicting physical quantity in a certain way without disturbing the system. However 
in quantum mechanics, incompatible observables can not be simultaneously measured. As a result, either 
the quantum mechanical description of physical realty is not complete, or the values of the incompatible 
observables can not be simultaneously real. If the quantum mechanics is a complete theory then second 
argument is correct. 

Consider two particles with a space-like separation. In quantum mechanics, one can define the wave 
function of the composite system as 

CO 

*F(Xi,X2) ^ ^ (A„(X2)m„(Xi) (103) 

n=l 

where Un(xi) is the wave function of the first particle which is the eigenfunction of some operator A with the 
corresponding eigenvalue a„, and ipni^i) is wave function of the second one. According to the measurement 
postulate of quantum mechanics, if the observable A is measured on the first particle with the value Uk, 
then after the measurement the wave function of the first particle collapses to the Uk{x\), and second one 
collapses to the iffkixi)- 

Alternatively, this physical function can be expanded in terms of the eigenfunctions of some different 
operator B, such that 

CO 

^(Xl,X2)- J]0,fe)v,v(Xl). (104) 

s=l 

Then if the result of the measurement of B is b^ and corresponding collapsed function is Vr(xi) for the first 
particle, then second particle automatically collapses to the 0,-(-^2)- 

Furthermore, this process can be performed with the incompatible observables A and B. The strange 
thing is that one can predict the physical values of A and B with certainty without disturbing the second 
particle, via a single measurement on the joint system. 



23 



Here, we have started our discussion by accepting quantum mechanics as a complete theory, however 
we have ended up with the result that contradicts it. 

Then one can conclude naturally that quantum mechanical description of physical reality can not be 
considered complete. One resolution of the problem was based on the hidden variables. 

Actually one of the most important aspect of that paper was the introduction of the entangled states. It 
was shown that this paradox occurs only in entangled states, and this phenomenon is known as "entangle- 
ment". It was originally called by Schrodinger as "Verschrankung" |121. 

As one can see, the main assumption that lies in the background of EPR's argument is the locality 
condition. 

B. On the Einstein-Podolsky-Rosen paradox 

In his analysis of the EPR problem, J.S. Bell uses the version of D. Bohm and Y. Aharonov lITTll . This 
entangled state is a well known singlet state which is 

Isinglet) = -^ {\s; W, i) - \y, W; T» (105) 

V2 

where s is the spin polarization direction. 

In quantum mechanics, the correlation function for the singlet state is given by 

C(a,b) = {singlet\cr\ • a 0*2 • b\singlet) = -a • b. (106) 

To prove this, let us first note that 

CTilsinglet) = -crjlsinglet) 

then 

{cruaiCTjjbj) = -aibjicrncrij) 

= -atbjiSjj + ieijko-ik) = -a ■ b 

where we used the fact that the expectation value of cr 1^ is zero in the singlet state. 

Let's introduce a hidden variable A which can be anything such that the complicated measurement pro- 
cesses are determined by this parameter and also measurement direction. Let the result of the measurement 
of cr I ■ a on the first particle and cr2 • ^ on the second particle be 

A(a,A) = ±l and B{b,A)^±l (107) 
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respectively. The crucial point is that result on the first particle does not depend on b and vice versa. Then 
the correlation for the singlet state is given by 



/ 



C(a, b) = dAp(A)Aia, A)B(b, A) 



(108) 



where p{A) is the probability distribution that depends on A. This result has to match with the quantum 
mechanical result. But it is shown that this is impossible. 

Before showing the contradiction, first it is easy to show how hidden variable theory can work on a 
single particle state and on a singlet state. 

For the single particle state, let the hidden variable be a unit vector with uniform probability distribution 
over the hemisphere A- s > 0, then the result of the measurement can be defined as 



sign A ■ a' 



(109) 



where unit vector a' depends on a and s. ( This result does not say anything about when A- a', however the 
probability of getting it is zero, P{A ■ a' = 0) = 0.) The expectation value for a single particle state in the 




FIG. 2. Single particle configuration 



spin polarization direction s, is then 



(o- • a> - IP{A -a' >0)- IP{A • a' < 0) - 1 



29' 



n 



(110) 



where 9' is the angle between a' and A as shown in the figure (|2|l. Then, 9' can be adjusted such that 

, 29' 

1 = cos 9 

n 



(111) 



where 9 is the angle between a and s. Thus we have reached the desired result as in the quantum mechanics. 
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For the singlet state, it can be shown that 



C(a, a) = C(a, -a) = -1 
C{a, b) = for a-b^O. 



(112) 



To show this, let Abe a unit vector A, with uniform probability distribution over all directions, and 



A{a, A) = sign a ■ A 
B{b,A) = -sign b ■ A. 



(113) 




FIG. 3. Singlet state configuration IfTSlI 



Then one gets 






(114) 



where 6 is the angle between a and b as shown in the figure (pi). This equation satisfies ( 1 12 1. 



Furthermore one can reproduce the quantum mechanical value in ( 106 1, by allowing that the result of the 
measurement on each particle depend also on the measurement direction of the other particle corresponding 
the replacement of a with a', which is obtained from a by rotating towards b until 



T.ff 
C(a,b) = -l + — ^ -cos( 



(115) 
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holds, where 9' is the angle between a' and b. However we can not permit this since we are looking for a 
local theory. 

Next we turn our attention to comparing the hidden variable theory and quantum mechanics. To show the 
contradictions between the result of local hidden variable theory and the quantum mechanics, we proceed 
as follows: 

Since p is normalized, we have 



/ 



dApiA) = \ (116) 



and for the singlet state 



A{a,A)^-B{a,A). (117) 



Then ( 108 1 can be written as 



C(a, b)^- i dAp{A)A{a, A)A{b, A). (118) 

Next, we introduce another unit vector c, and consider 

C{a, b) - C(a, c) = - \ dAp(A) [A(a, A)A{b, A) - A{a, A)A{c, A)) (1 19) 

= I dApiA)Aia, A)Aib, A) (A(S, A)Aic, A) - l) 

where we have used the fact that [A{b, A)]^ = 1. Since A{a, A) = ±1, this equation can be written as 

\C{a, b) - Cia, c)\ < i dAp(A) (l - A(S, A)A{c, A)) (120) 

then finally we get 

\+C{b,c)>\C{a,b)-C{a,c)\ (121) 

This is the original form of famous Bell inequality. It is easy to show that for some special directions this 
inequality can not be satisfied by the quantum mechanical result. The Bell inequality ( 121[ ) for the quantum 
mechanics becomes 

1 - COSiObc) > I COSiOab) - COSiOac)]. (122) 

One can easily see that this is not satisfied for the angles shown in figure (|4]). 

As a result, introducing a variable to account for the measurement process does not correspond to the 



right statistical behavior of quantum mechanics. However as in the case of ( 1 15 1, if the measurement result 



of one of the entangled pair depends also on the measurement of the other, then it meets the quantum 
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FIG. 4. Angles that violates the Bell inequality 

mechanical criteria. Then this hidden variable must propagate instantaneously, but such a theory can not be 
Lorentz invariant. 

Thus, the question asked by EPR is solved by J. S. Bell and this solution has been verified by A. Aspect in 
a series of experiments |[T9]| . 

C. Definition of Entanglement 

After the discussion on the two historically important papers, one can describe the entanglement in terms 
of the postulates of quantum mechanics. According to Postulate 4, total Hilbert space of the composite 
system is formed by tensor product of Hilbert spaces of subsystems. In that total space, there are such states 
that can not be written as a tensor product of states representing the subsystem. 

Consider an n-partite composite system, and 

|iA,>e'K; where /= 1,2,3,- •• ,n (123) 

Then there are states in the "K = (S)"=i "^j ^^ch that 

n 

m * (^ \^i). (124) 

These states are called entangled states. Any state that is not entangled is called separable. 
In this work, we only concentrate on bipartite states. 

1. Bipartite Entanglement 

Consider two quantum systems, the first one is owned by Alice, and the second one by Bob. Alice's 
system may be described by states in a Hilbert space "Ka of dimension N and Bob's one "Kb of dimension 
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M. The composite system of both parties is then described by the vectors in the tensor-product form of the 
two spaces TY = T-Ci ® 'Hb- 

Let |a,) be a basis of Alice's space and \bj} be basis of Bob's space. Then in 'Ha ® "Kb we have the set of 
all linear combinations of the states |a,> ® \bj} to be used as bases. Thus any state in 'Ha ^'Hb can be written 
as 

NM 

\ilj) = Y, CiMi) ® \bj} e'HA^'HB (125) 

with a complex N x M matrix C = (c,y). 

The measurement of observables can be defined in a similar way, if A is an observable on Alice's space 
and B on Bob's space, the expectation value of A (g) B is defined as 

N,M N,M 

mA®Bm=Y, 2] 4c'V<«Mh'>(^;|B|^/>- (126) 

Now we can define separability and entanglement for these states. A pure state li/') e "K is called a 
"product state" or "separable" if one can find states l^'*) e 'Ha and \(p^) € 'Hb such that |i/^> - |0^> ® |0^) 
holds. Otherwise the state li/^) is called entangled. 

Physically, the definition of product state means that the state is uncorrelated. Thus a product state can 
be prepared in a local way. In other word Alice produces the state 10'^) and Bob does independently |0^>. If 
Alice measures any observable A and Bob measures B, the measurement outcomes for Alice do not depend 
on the outcomes on Bob's side. 

In a pure state, it is easy to decide whether a given pure state is entangled or not. \\fj) is a product state, 
if and only if the rank of the matrix C - (ctj) in ( 125 1 equals one. This is due to the fact that a matrix C is 



of rank one, if and only if there exist two vectors a and b such that Cij = aibj. So one can write 



i^>- 2]«'i«'> ® Yj^j\b}) 



\ J 



(127) 



which means that it is the product state. Another important tool for the description of entanglement for 
bipartite systems only is the Schmidt decomposition, we turn our attention next: 

Let li/f) = 2; '=1 Cij\aibj) e 'Ha ® 'Hb be a vector in the tensor product space of the two Hilbert spaces. 
Then there exists an orthonormal basis \i}A of 'Ha and an orthonormal basis |/)b ofHs such that 

R 

W) = Yj'^i\i)A®\i)B (128) 

holds, with positive real coefficients /I,. The /l/s are the square roots of eigenvalues of matrix, CC^ where 
C - (cij), and are called the Schmidt coefficients. The number R - ram{dim{'HA), dim{'HB)) is called the 
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Schmidt Rank/Number of \i^). If R equals one then, the state is product state, otherwise it is entangled. For 
an entangled state, if the absolute values of all non vanishing Schmidt coefficients are the same, then it is 
called maximally entangled state. 

2. von Neumann Entropy 

It is worth pointing out that from Schmidt form one can define the von Neumann entropy which can be 
used as a measure of entanglement, as 

S=-Y,\H^^''^2\H^- (129) 

;■ 

From this definition, one can easily observe that if a given state is a product state which means that the 
Schmidt rank is equal to one in the spectral decomposition, then the von Neumann entropy is zero. However 
for an entangled state, the von Neumann entropy never vanishes. Furthermore, for a maximally entangled 
state, the von Neumann entropy is 

S = log2(/?) (130) 

where R> \. 

3. Bell States 

An important set of entangled states are the Bell states, which are maximally entangled states. 

ir>-^(|01> + |10» r>-^(|00> + |ll» (131) 

V2 V2 

|^-> - ^(|01> - |10» |0-> - ^(100) - 111)). 
V2 V2 

They form an orthonormal basis on the composite Hilbert space of bipartite system, in the sense that any 

other state in this space can be produced from each of them by local operations. Since the Bell states are 



already in the Schmidt form, one can find the von Neumann entropy of these states by using ( 130 1 as 



S = \. (132) 



D. CHSH InequaUty 



Bell inequality in ( 121 1 can be written in a more elegant way. For a bipartite system, consider four 



dichotomous operators Q, R, S , and T which can take the values ±1. Let Q and R be defined on the one 
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system, S and T be on the other system, then with these four operator one can write such an equation that 

iQ + R)S+iQ-R)T = ±2 (133) 

always holds. Average of this equation leads to an inequality 

\{{Q + R)S+{Q-R)T}\<2. (134) 

It is the well known CHSH inequality EOl . This inequality states that any local theory must satisfy it. 
However in quantum mechanics, expectation value of certain observables for the entangled states violates 
this inequality as follows: 
Consider the singlet state 

\singlet) = -^ (\y, W, i) - \y, IM T>.) (135) 

V2 



Since the singlet state is an entangled state in the spin degree of freedom, ( 134i can be written in terms of 
correlation functions as 

\C{a, b) + C{a', b) + C{a', b') - C{a, b')\ < 1 (136) 

where a, b, a', and b' are the spin measurement directions. If one chooses the a, b, a', and b' as 

a -(0,0,1) 
^-(1/V2,0,1/V2) 
a' -(1,0,0) 
b' -(1/V2,0,-1/V2) 
then CHSH inequality for the singlet state gives 

\C{a, b) + C(a', b) + C{d', P) - C{a, b')\ = 2 V2. (137) 

This is the verification of the non local character of quantum mechanics. CHSH inequality is valid for 
the bipartite systems and any bipartite entangled state violates this inequality in certain directions. 

Furthermore one can find the upper limit of this inequality. Since these four operator are dichotomous, 
square of these operators are equal to identity operator. As a result, one can find 

m + R)S +{Q- R)Tf = 41- [Q,R] ® [5, T]. (138) 

Then, taking the expectation value, and using the Schwarz's Inequality, one can obtain 

\{{Q + R)S +{Q- R)T)\ < ^J4-{[Q,R]^[S,T]). (139) 

This is the quantum generalization of Bell-type inequality [21 ]. One can find that upper limit for the CHSH 



inequahty is 2 V2. As a result, ( 137 1 is the maximum violation of the inequality. 
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IV. LORENTZ TRANSFORMATION OF ENTANGLED STATES AND BELL INEQUALITY 

A. Transformation of Entangled States 

In this thesis, we have only been interested in the transformation of the Bell states. Consider a frame, 
S which observes the four momenta of the particles as pi and p2, respectively. In terms of the creation 
operators, these four states can be written in this frame as. 



|cD*> - -^ Uipu ^)a\p2, ^) ± a\pu-^)a\p2,-^) 1 10> 
|^*> - -^ la\pu ^)a\p2, ~) ± a\pu-\)a\p2, \)\\0). 



(140) 
(141) 



For simplicity, these two particles can be taken as identical and S frame can be chosen as the zero mo- 



z 



A' 



P 



I) 



S' 







FIG. 5. Zero momentum and boosted frame. 



mentum frame which means, pi = -p2 = p = yfimz and also p^^ - p^. Define another frame S' which is 
boosted in the positive x direction relative to the S -frame. 

We will now work out the transformation of these states to the frame 5". First of all, we have to determine 



.5=1/2/ 



the Wigner angles for both particles. For the first particle D. {9^/) is given by (98 1 and the Wigner angle, 



9-w is in (95 1. For the second particle since L{p)-i in the -z-direction, the Wigner rotation is about the 
+)'-direction, but the angle is not changed, so 



Df !/"(%) = 



COS -Y sm -Y 



0w 
2 

-sin^ cos^ 



(142) 
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However transformed momenta are not the same. We will keep it as (A(-p)) and it is given by 

L(A -p)^ K,L{pUW^\ew) = 

10 



(143) 



f \ f 

cosh (2 sinha 



sinha cosh a 
10 

1 



cos Ow ^ - sin B-w 
10 
sin Ov\/ cos 9^/ 



y - Vr^ - 1' 
10 

1 

- Vr^ - 1 r 

7 cosh (2 sinh or cos ^11/ + a/t^ - 1 sin G-w cosh a sinh a sin f?iy - ^7^ - 1 cos O-w cosh a 

y sinh a ^y^ - 1 sinh a sin G^jy + cos ^i^ cosh a cosh o- sin 6-w - yy^-\ cos G^jy sinh a 

10 

-^fp^^^ -jsinGy/ ycos^iy 

Next, we will find the lO"*") in the 5"-frame, 

^(A)|0+> ^ 1- iu{K)a\v, ^-)U~\K)U{K)a\-ip, ^-)U~\K)U{K)\ |0> 

+ -^ I [/( A)a''' (p, --)[/" HA) ^(A)a''' (-P, - - ) ^" ^A) U{K) 1 10> . 



Using the transformation properties of the creation operator, we get 

1 {Kp) 



t/(A)|0+> = — ^-^ Y^ i^D\^,,_{Gw)a\Kv,(T')D'-,^,,,_{Gw)a\K-V\^''))m 

'^ ' cr',cr" 



1 {Kpf 



Now using the spin-5' representation of rotations 



Y, (£>i^._i(%)«^(Ap,^')£>2^..i(%)«^(A(-p),cr"))|0>. 



^(A)|cD-> = ^^(cos2 ^at(Ap, i)at(A(-p), \) - cos ^ sin ^^t^^p, \)a\A{-v), -\) 
V? P \ 2 2 2 2 2 2 2 



V2 P' 
+ cos — sin — a'''(Ap, --)a'''(A(-p), -) - sin^ — a'''(Ap, --)a'''(A(-p), --) 



2 
2 



1, 

'2' 



6w 

2 



1, 

'2' 



- sin^ — a'''(Ap, -)«''" (A(-p), -) - cos — sin — a''"(Ap, -)a\A{-p), --) 



1, 

2' 



1, 

2' 



1 

'2' 



+ cos ^ sin ^at(Ap, -\)a\Ai-p), 1) + cos^ ^^t^Ap, _ 1 )^t(A(_p), _ 1 )j|o) 



one can obtain 



^(A)|(D+) = l^^J^(^cos6wa\Ap, ^)a+(A(-p), ^) - sin^w^^CAp, ^)a+(A(-p),-^) 
+ sin6'wa'''(Ap,--)a'''(A(-p), -) + cos%a'''(Ap,--)a'''(A(-p), --)j|0>. 
Finally, this can be written as 

^(A)|0+> = cos Gw\<5^y - sin Gwl'V')'. (144) 
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Similarly, one can find the transformation properties of the other Bell states as 



[/(A)|(l)-> = |0->' (145) 

t/(A)|^+> = |>F+>' (146) 

U(A)\^~) = sin Owl^^y + cos %|^">' (147) 



where % = arctan( l/f/ ). 



\^y - ^^-^|a1^(Ap,^)a^(A(-p),^)±a1^(Ap,-^)a^(A(-p),-^)j|0> (148) 



and 



A(±p) - m[-y'y/3'l±/3yk) , ^^ - /. (150) 

After these discussions it is obvious that entanglement is a Lorentz invariant property. No inertial ob- 
server can see an entangled state as a product state. 

This property can be proven in a general way starting from Schmidt form for bipartite states, which is 
presented in the following section. 

B. Schmidt Decomposition and Its Covariance 

Consider two particles A and B. The total state vector of the composite system can be decomposed as 

R 

m-J]mA^\i}B (151) 

where At are the Schmidt coefficients, R = minidimCHA), dimi^B)) is the Schmidt rank and |/)^ and |/)g are 
the orthonormal basis of the corresponding Hilbert spaces. These basis can be normalized as 

A</l7>A - 5(p'^ - PA)5,y (152) 

B{i\i)B = 5(p'e - VB)5ij 

where p^ and p^ momenta of the particles A and B, respectively. Therefore, the normalization of the state 
vector of the composite system becomes 

<«AI<A> - <5(p'a - Pa)5(p'b - Pb) (153) 

with the condition X; |/l,p = 1. 
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The orthonormal basis |/>^ and \i)g can be expanded in terms of the one particle states as the following 

\i)A= 2 ^\PA,n) (154) 

n=-SA 

SB 

\i)B = ^ Bfi\pB,m) 



where sa and sb are the spins of the particles, respectively. As a result for this configuration, R - Tmn{2sA + 
1,2^5 + 1). 



Since these basis should satisfy ( 152 1, 



Y^ K^^^6{j^A - Pa) - 5(p'a - VA)5ij (155) 

l=-SA 
SB 

2 B:i^^B^^6{^^'s - Pb) - 5(p'5 - pb)5,7 



m=-SB 

must hold. Then, the Schmidt decomposition becomes 

R SA SB 



l«A> = Yj'^'Yj Z ^^nl\PA, n) ® \PB, m). 



(=1 n=-SA m=-SB 

The one particle states can be written in terms of the creation operators as 

\pA,n} = a\pA,n)\0) 
\pB,m) = a'{pB,m)\0) 

where |0) is the Lorentz invariant vacuum state. Finally we get the Schmidt decomposition in terms of the 
creation operators as 

R Sa sb 

i=l n=-SA m=-SB 

Now we can apply Lorentz transformation on our state ket by the unitary transformation L'^(A) 

R Sa sb 

U{AM)^Y,'^' Z Z A^n'Bl']U{A)a\pA,n)U-\A)U{A)a\pB,m)U-\A)U{Am. 

1=1 n=-SAm=-SB 

Using the transformation relations of the creation operators 

U{A)a\pA,n)U-\A) = ^^^^^ V 0^^,11 {WA)a\Ap a, n) 

SiPAf n'=-SA 

U{A)a\pB,m)U-\A)=^^^PE^ V D^;;;l{WB)a\ApB,m) 

iiPBT m'=-SB 
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and the Lorentz invariance of the vacuum, L'^(A)|0) = |0), we get 

i=l n,n'=-SAm,m'=-SB yiPA) yiPs) 

or 

,=1 n,n'=-.'<Am,m'=~SB yiPAT SiPBT 

Next we define 






m=-SB 

Then, the transformed state becomes 

R SA SB 

f/(A)|^> = 2i,- Y, Z A'^yB^I^,\KpA,n')®\KpB,m'). 

i=\ n'=-SA m'=-SB 

This expression can be re-written as 

R 



U{K)\iif) = W) = Yj ^;I'>a ® IOb 







where 

IOa= I; A«|A;,.,«'>= I; I; D^-)(W.)A«|Ap.,.'>^^ 
n'=-.SA 't'=--«A «=--«A y\PA) 

|I>,= J fi«|A;,.,^'>= J I; dL?)(W«)S«|Ap.,^'>^ . 

m'=-SB m'=-SB'n=~SB y\PB) 

It is necessary now to check whether {|/>} forms an orthonormal basis. For this, consider 

A</l7>A = J] J] A;»A^') (Ap'^,n" \ ApA,n') 

n"=-SA n'=-SA Q 

Sn'n" iJCAp' A - Ap^ )=5„/„./ ^^^ 6{p'a -Pa ) 

- V 4-*(0yO) <-^a) ^, , . 

n'=-.SA m=~SA m'=-SA 

m,m'=-SA n'=-SA 



SA 

- 2 A;®a2')5(p'^ - Pa). (156) 

m=-.SA 
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Using (155 1, we get {i\j) = 6ij6(p'^ - Pa). This means that the transformed state is still in the Schmidt 



decomposition form with exactly the same Schmidt coefficients. This result proves the Lorentz covariance 
of entanglement. 

Also note that since the Schmidt coefficients do not change under Lorentz transformation, the Von Nue- 
mann entropy as a measure of entanglement do not increase or decrease, since 

S=-2|i,plog2l^|'. (157) 

s 

Therefore, the von Neumann entropy is a Lorentz invariant quantity. To illustrate the invariance, consider 



the transformed state ( 144 1, it can be written in ffie Schmidt form as. 



[/(A)|(D+> = 
1 



V2 
1 

v! 



cos{9w) ■ 



i^-J^a\Ap, -) + sin(%) J^—L^a\Ap, --) 



/(A/^)Vt,,,__l 



pu 



cos{ew) J^-^a\Ap, -i) - sin(%) J^-^a\Ap, 1) 



where the bases satisfies ( 155 1. Then ffie von Neumann entropy is 



1 



1 1 



1 



-Ulog2(;^) + ;^log2(;^) 



which is agree with ( 132 1 



(A7^)° 1 



a'(A(-p),-) 



(^»nA<-P),-i) 



C. Correlation Function and Bell Inequality 



Now we turn our attention to the calculation of the correlation function 



C{a, b) = (cTi ■ a,a2- b) 



(158) 



for the state ( 147 1. There is an easy way of calculating this correlation function by using the properties of 
entangled states, which is 



(Tul'i'-y = -CT2,|^->', 



(159) 





1 


Bij = 


0-10 




1 



. Then, using ( 



67 1 the correlation function becomes 



C(a, b) = Uibji^ sm\ew)Bij - cos\6w)6ij - "'"^^ (e,7/t(<I>1V^|'F-)^ + B,ie,H<*"|V/|0+)')}. (160) 
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CHSH 




FIG. 6. CHSH values versus velocity of the particles and the boosted frame, p and/J', respectively. 



Now we are ready to test the locality condition by using CHSH inequality 



CHSH - \C{a, b) + C{d' , b) + C{a', b') - C{a, b')\ < 2. 



(161) 



One can choose the measurement directions as the following 



a = (l/V2,-l/V2,0) 
a' = (-l/V2,-l/V2,0) 

^ = (0,1,0) 
b' = (1,0,0) 



(162) 



corresponding to the case that they give maximum violation in the non relativistic limit. Then one obtains 
the result of the CHSH as 



CHSH = V2(l + cos(2%)). 



(163) 
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Using (95 1, this result can be defined in terms of the particle velocity yS and the velocity of the boosted frame 
yS', as 

CHS H = 2^1 ^ , ' . (164) 



From these two equivalent results, it can be deduced that in the non relativistic domain, /? and j3' — > 0, as 
shown in the figure ([6]), we get the maximum violation as expected, however violation of the inequality starts 
before the ultra relativistic limit contrary to the claim in 0, in which they use the spin operator defined in 
||6l . Also note that if the boost direction is parallel or anti-parallel to the direction of the particle as seen by 
the zero momentum frame, then there is no Wigner rotation, and we get the maximum violation as in |[8l. 

V. CONCLUSION 

In this thesis, we have investigated the entanglement problem in the context of relativistic quantum 
mechanics. Entanglement lies at the heart of the quantum mechanics due to its non local character. In this 
sense, studying its properties in the framework of special relativity is crucial. For this purpose, we have 
first constructed the unitary irreducible representation of Poincare group in the infinite dimensional Hilbert 
space. In this framework, the issue of finding the unitary irreducible representations of Poincare group is 
reduced to that of the little group. Namely in this formalism Poincare group reduces to the three dimensional 
rotation group for the massive cases, entangled states in different but equivalent frames undergo a Wigner 
rotation which changes its spin polarization direction. 

On the other hand, since there are some ambiguities on the correct relativistic operator in the literature, 
we have critically studied physical requirements on it. Spin statistics must be a frame-independent property, 
and therefore square of the correct three-spin operator should be Lorentz invariant as implied by the second 
Casimir operator of Poincare group. 

Specifically, we have analyzed the Bell states under Lorentz transformations. Although these entangled 
states can mix, we have shown that the entanglement is a Lorentz invariant phenomena. This invariance has 
been shown for any entangled bipartite system by starting from the Schmidt decomposition. Then we have 
calculated the correlation function for the transformed states. Using the correlation, we have constructed the 
CHS H inequality. At the first glance , CHS H inequality seems to be satisfied for certain Wigner angles that 
depends on both the velocity of the particle and velocity of the boosted frame relative to the zero momentum 
frame of the entangled state. However, it is an illusion since changes in the velocities cause changes in the 
Wigner angle that can affect the superposition of the entangled states which violate the CHS H inequality in 
different directions. Thus, it is natural that the initial dichotomous operators may satisfy the inequality for 
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these entangled states. This confusing situation can be solved radically by performing the EPR experiment 
with the Wigner angle dependent dichotomous operators. As a result, Lorentz transformed entangled states 
still violates the Bell type inequahties in certain directions that may depend on the Wigner angle. 
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